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Thermodynamics of viscous dark energy
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In this work we explore the thermodynamic aspects of dark energy in different scenarios: as
a perfect fluid with constant and variable equation of state parameter; and as dissipative fluid
described by a barotropic equation of state with bulk viscosity in the framework of the Eckart theory
and the full Israel-Stewart theory. We explore cosmological solutions for a flat, homogeneous and
isotropic universe. When modeled as a perfect fluid with a dynamical equation of state, p = w(a)ρ,
the dark energy has an energy density, temperature and entropy well defined and an interesting result
is that there is no entropy production even though been dynamical. For dissipative dark energy, in
the Eckart theory two cases are studied: ξ = const. and ξ = (β/
√
3)ρ1/2; it is found that the entropy
grows exponentially for the first case and as a power-law for the second. In the Israel-Stewart theory
we consider a ξ = ξ0ρ
1/2 and a relaxation time τ = ξ/ρ; an analytical big rip solution is obtained
with a power-law entropy. In all cases is obtained a power-law relation between temperature and
energy density. In order to maintain the second law of thermodynamics theoretical constraints for
the equation of state are found in the different dark energy models studied. A barotropic dark fluid
with w < −1 is thermodynamically difficult to support, but the overall effect of bulk viscosity in
certain cases allows a phantom regime without thermodynamic anomalies.
I. INTRODUCTION
The accelerated cosmic expansion indicates the pres-
ence of a negative-pressure component to the total energy
density of the universe today. This component is the
source of the accelerated expansion and, either material
fluid or geometry, is known as dark energy. The observa-
tional evidence and theoretical consistency of dark energy
is well supported, for a review see [1]. Dark energy nowa-
days is a fundamental element of the standard cosmologi-
cal model, however the physical mechanism behind it still
a mystery. The simplest and best-known model of dark
energy is the energy of the vacuum represented as the cos-
mological constant added to the Einstein field equations.
The main feature of vacuum energy is that its energy
density is constant in time and is spatially smooth. The
cosmological constant with cold dark matter are the key
elements of the standard cosmological model or ΛCDM.
In cosmology, a perfect fluid description is adequate
to model the known cosmic material components (e.g.
photons, baryons, neutrinos) and also dark matter (even
though we don’t have a consolidated microscopic the-
ory of dark matter, when modeled as dust, a pressure-
less perfect fluid, there is theoretical and observational
consistency). Dark energy, like the other main cosmo-
logical components, as a first approach is modeled in
the framework of perfect fluids in a homogeneous and
isotropic expanding universe. The perfect fluid approach
applied to describe the cosmic components fit very well
the cosmological observations at background and linear
perturbation level; and also for some components has an
underlying microscopic theory that support it.
To obtain an accelerated cosmic expansion the mate-
rial content of the universe must violate the strong en-
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ergy condition,
∑
i(ρi + 3pi) < 0, where ρi and pi are
the energy density and the pressure of each component
respectively. The total pressure must be negative. Since
baryonic and dark matter are pressureless and radiation
pressure is ρr/3 > 0, then there must be a source of
negative pressure, this source is the dark energy. In the
standard approach, the dark energy is considered as a
fluid with negative pressure and barotropic equation of
state, p = wρ (with w constant), and value w = −1. The
dark energy equation of state p = −ρ implies that the
energy density of dark energy is a constant, i.e., has no
dynamics.
Recent observational reconstructions of the dark en-
ergy equation of state shows that the parameter w could
be dynamical, i.e., depends on time (scale factor) and
also could cross the phantom divide line w < −1 [2] [3].
Dynamical dark energy, w = w(a), joined with the as-
sumption of dark energy as a perfect fluid brings some
thermodynamic problems; like, the positiveness of the en-
tropy, temperature and chemical potential implies that
w ≥ −1 which is in direct conflict with phantom dark
energy [4] [5].
One way to avoid some thermodynamic problems is to
suppose that the dark energy is a fluid with bulk viscosity
breaking the perfect fluid hypothesis. A fluid with bulk
viscosity means that dissipative processes occur, which
has the advantage that within the cosmic fluids allows
the violation of the dominant energy condition (ρ+p < 0)
without the dark energy necessarily be phantom [6] [7].
In this case we have an effective pressure given by peff =
p+Π, where p = wρ is the barotropic pressure and Π < 0
is the viscous pressure. The possibility of explaining the
accelerated expansion of the universe at late times as
an effect of the effective negative pressure due to bulk
viscosity in the cosmic fluids was first considered in [8]
[9].
A perfect fluid in equilibrium generates no entropy and
2no frictional heating because its dynamics is reversible
and without dissipation. We know that real fluids be-
have irreversibly, and if we want to model dissipative
processes we require a relativistic theory of dissipative
fluids. A classical irreversible thermodynamics was first
extended from Newtonian to relativistic fluids by Eckart
in 1940 [10]. In the Eckart theory, the effective pressure
of the cosmic fluid is modeled as Π = −3ξH , where ξ is
a function and H the Hubble parameter. The Eckart
theory has the problem that dissipative perturbations
propagate at infinite speeds, this non-causal feature is
its main limitation and therefore this approach could be
useful to find insight from toy models but not as a real-
istic theory. Nevertheless, Eckart theory has been used
widely to model bulk viscosity in dark matter and dark
energy models, for example, the possibility of crossing
the phantom divide line [11], the magnitude of the vis-
cosity to achieve this crossing using cosmological data
[12], big rip singularities for various forms of the equa-
tion of state parameter and the bulk viscosity [13], and
unified dark fluid cosmologies [14] [15]. The causal exten-
sion of the Eckart theory is the so-called Israel-Stewart
theory [16] [17]. This approach presents a better descrip-
tion than Eckart theory, including a casual description
of dissipative processes associated to small deviations of
equilibrium. The Israel-Stewart theory converges to the
Eckart theory, when the collision time-scale in the trans-
port equation of fluid is zero, i.e., when the bulk viscous
model is noncausal and unstable. An interesting review
on viscous cosmology can be found in [18].
A pioneer work about dissipative processes in cosmol-
ogy is [19]. A highly recommended summary about rela-
tivistic fluid dynamics, dissipative relativistic fluids, ap-
plications to cosmology and astrophysics and bulk vis-
cous perturbations is [20].
An important problem in cosmology is that most of
the dark energy models are able to adjust fairly well the
observational data, this degeneracy hinders the tests and
selection of more well-grounded dark energy models. The
data shows only an accelerated cosmic expansion, but
does not reveal the intrinsic nature of the source that
causes this acceleration. Despite unknown, dark energy
should be consistent with the known laws of physics, for
that reason the dark energy when modeled as an exotic
fluid must satisfy the bounds imposed by the laws of
thermodynamics. In this vein, dark energy thermody-
namics has been studied by several authors like [21] [22]
[5] [23] and remarkable theoretical treatment in [4], bulk
viscosity dark energy has been studied in phantom dark
energy context in [7] [24] [25], dynamical systems in [26]
and observational constraints in [27].
Following this path, in this work we investigate some
general thermodynamic aspects of dark energy modeled
as a perfect fluid with constant equation of state param-
eter w = w0, dynamical dark energy w = w(a), and bulk
viscosity dark energy in the Eckart and Israel-Stewart
theories.
This paper is organized as follows: in section II is pre-
sented the general cosmological and thermodynamic con-
siderations used all along the paper. The paper is divided
into two parts, the first one, dedicated to dark energy as
a perfect fluid, first, section III summarizes the main re-
sults of the thermodynamics of dark energy with constant
equation of state parameter, the same treatment but with
dynamical dark energy is presented in IV. In second part,
first in V are established the main ideas of a dissipative
fluid in a flat, homogeneous and isotropic universe used
in this work, then in section VI is presented the dark en-
ergy thermodynamic analysis in the Eckart framework to
then in section VII in the Israel-Stewart. Finally, in VIII
we presented the conclusions.
II. GENERAL CONSIDERATIONS
In this section we present the general cosmological and
thermodynamic considerations used all along the paper.
Let us consider a Friedman-Lematre-Robertson-Walker
universe (FLRW), i.e., a homogeneous, isotropic space-
time, and the flat universe case. With these considera-
tions the Friedmann equations are
H2 =
1
3
ρ, (1)
H˙ +H2 = −1
6
[ρ+ 3p], (2)
where the dot denotes derivatives with respect to the
cosmic time, H = a˙/a is the Hubble parameter and we
use natural units 8piG = c = 1.
In a FLRW cosmology the energy density conservation
equation is
ρ˙+ 3H(ρ+ p) = 0, (3)
where ρ is the energy density and p is the pressure.
The thermodynamic assumptions are: the physical
three dimensional volume of the universe at a given time
can be expressed in terms of the scale factor V = V0a
3(t)
(where V0 is the three dimensional volume at the present
time), the internal energy of the a cosmological fluid is
U = ρV , and the first law of thermodynamics is expressed
like
TdS = dU + pdV − µdN, (4)
where T , S, µ andN are the temperature, entropy, chem-
ical potential and the number of particles respectively.
The temperature will be assumed as a function of the
number of particle density, n = N/V , and the energy
density, ρ, therefore T = T (n, ρ). The last assumption
gives the following useful relation [19] [20]
n
∂T
∂n
+ (ρ+ p)
∂T
∂ρ
= T
∂p
∂ρ
. (5)
These are the main general work hypothesis of this work.
3III. DARK ENERGY AS A PERFECT FLUID
WITH w = constant
In this section we will present the main thermodynamic
properties of dark energy as a barotropic perfect fluid
with constant equation of state parameter. This section
is a summary of the previous work [4].
The main considerations in this section are: a
barotropic equation of state p = wρ, and the conser-
vation of the number of particle current, nα = nuα (uα
is the 4-velocity), which for a perfect fluid this is a con-
served quantity nα;α = 0:
p = wρ, (6)
n˙ + 3Hn =
N˙
N
= 0, (7)
where w is a constant. The last two equations (6) and
(7) in the energy density conservation equation (3) and
the first law of thermodynamics (4) gives:
ρ˙ = −3(1 + w)Hρ, (8)
TdS = V dρ+ (1 + w)ρdV. (9)
Now we can calculate some relevant thermodynamic
quantities.
A. Temperature and energy density
Assuming that the energy density is a function of the
temperature and volume, ρ = ρ(T, V ), then
dρ =
∂ρ
∂T
dT +
∂ρ
∂n
dn, (10)
⇒ dρ
da
=
∂ρ
∂T
dT
da
+
3n
a
∂ρ
∂n
, (11)
combining the last equation with the perfect fluid energy
density conservation equation (8) we have
(1 + w)ρ = −a
3
∂ρ
∂T
dT
da
− n∂ρ
∂n
, (12)
using now the relation of the temperature (5) and the
equation of state (6), we obtain a relation for the tem-
perature
dT
T
= −3wda
a
=
dρ
ρ
+ 3
da
a
. (13)
Integrating the last equation we have
T
T0
=
ρ
ρ0
a3 =
U
U0
. (14)
The last expression relates temperature, energy density
and internal energy in the expected way for a perfect
fluid, the temperature is directly proportional to the in-
ternal energy.
To calculate the energy density in terms of the scale
factor we must integrate directly the perfect fluid en-
ergy density conservation equation (8) to obtain the well-
known expression
ρ = ρ0 a
−3(1+w). (15)
This is the usual scale factor power-law energy density.
Let us remind that in the ΛCDM case, for w = −1, which
gives ρ = ρ0, the energy density of the dark energy is a
constant. When, −1 < w < −1/3, we have a dark energy
that dilutes as the scale factor grows (but slower than
dust or radiation). And, for the phantom case, w < −1,
we have ρ = ρ0 a
r where r is a positive constant, in this
case the energy density grows as the scale factor increase,
and consequently the temperature and internal energy
too.
To calculate the energy density in terms of the tem-
perature we use (13) and (8)
dT
T
= −3wda
a
=
w
1 + w
dρ
ρ
, (16)
⇒ ρ = ρ˜ T 1+ww , (17)
where ρ˜ is a constant dependent of w. We obtain a power-
law relation between temperature and energy density.
B. Entropy
Using the Gibbs relation (9) and the perfect fluid en-
ergy density conservation equation (8) we can easily cal-
culate a relation for the entropy
TdS = (1 + w)ρdV + vdρ
= U [d ln ρ+ 3(1 + w)d ln a] = 0
⇒ S = constant. (18)
The energy density conservation equation and first law of
the thermodynamics for a perfect fluid with w constant
in FLRW imply that the entropy is a constant, i.e. is adi-
abatic. There is no entropy produced within the system
(no friction, viscous dissipation, etc.) by the work done
due to the cosmic expansion. Notice that this result is
independent of the value of w.
Lets calculate the entropy, in the perfect fluid case the
entropy of a cosmic fluid can be calculated from the well-
known Euler relation:
U = TS − pV + µN, (19)
we can easily calculate the entropy taking into account
the relation U/U0 = T/T0 from (14), with this we have
S = (1 + w)
U
T
− µN
T
= (1 + w)
ρ0V0
T0
− µN
T
. (20)
For a perfect fluid the entropy S and the number of par-
ticles N are constants, consequently the ratio µ/T must
be constant. We can define µ/T = µ0/T0 and by the
4second law of thermodynamics, S ≥ 0, then we have the
following relation
w ≥ −1 + µ0n0
ρ0
. (21)
We have three options: First µ0 = 0, in this case we have
w ≥ −1 which is the phantom divide line restriction, that
is, the phantom-like behavior of the dark energy fluid is
forbidden. For µ0 > 0, then w has a minimal value that
does not reach the cosmological constant point w > −1
and again a phantom regime is forbidden. Finally, if
the chemical potential is negative µ0 < 1 then values of
w < −1 are allowed, i.e, phantom dark energy. In [5]
the authors examine these cases for several dark energy
models.
IV. DARK ENERGY AS A PERFECT FLUID
WITH w = w(a)
In this section we will study dynamical dark energy
as a perfect fluid with the same background hypothe-
sis of the previous section; the conservation of particle
equation (7), the perfect fluid energy density conserva-
tion equation (8) and the first law of thermodynamics
(9), hold in this case. But with the difference that now
the equation of state has the form
p = w(a)ρ. (22)
The core idea of dynamical dark energy is that the equa-
tion of state parameter is a variable quantity, w(a), since
it is constructed from two variable quantities.
A. Temperature and energy density
For a dynamical dark energy the relation U/U0 =
T/T0 = (ρ/ρ0)a
3 (14) still holds. When we consider
p = w(a)ρ the equation (16) cannot be integrated imme-
diately, it is necessary to know the explicit dependence
with the scale factor of the equation of state parameter.
dT
T
= −3w(a)da
a
, (23)
⇒ T = T0 exp
[
−3
∫
w(a)
da
a
]
= T0E . (24)
To calculate the temperature in terms of the energy den-
sity we may solve the equation of T (n, ρ) (5) in this par-
ticular case
n
∂T
∂n
+ [1 + w(a)]ρ
∂T
∂ρ
= Tw(a) (25)
whose solution using the method of characteristics yields
T = ρ
w
w+1 F (ρ
1
w+1 /n), (26)
in which F is an arbitrary function. Notice that, for a
the particular case of w = const., from equation (15)
we have ρa3(1+w) = ρ0 = const. and from (7) we have
na3 = n0 = const.; then, ρ
1
w+1 /n = const. which imply
that F (ρ
1
w+1 /n) = const. recovering the previous result
ρ = ρ0T
(1+w)/w of the equation (17).
To calculate the energy density in terms of the scale
factor we integrate the energy density conservation equa-
tion (3).
ρ = ρ0 a
−3 exp
[
−3
∫
w(a)
da
a
]
= ρ0 a
−3E . (27)
Again, it is necessary to know the explicit dependence
with the scale factor of the equation of state parameter
in order to obtain a closed ρ(a).
B. Entropy
Using the first law of thermodynamics equation (4),
the energy density conservation equation (3) and the
equation of state (22) we can easily calculate
TdS = U [d ln ρ+ 3(1 + w(a))d ln a] = 0 (28)
⇒ S = S0 = constant. (29)
There is no entropy production in a universe filled with
perfect fluid dark energy despite having a dynamical
equation of state, w(a). This is an interesting result.
If we use the Euler relation U = TS − pV + µN , the
temperature relation (24), the equation of state (27) and
N = nV = n0V0, then we have
S0 = [1 + w(a)]
ρ0V0
T0
− µn0V0
T0E , (30)
⇒ w(a) = −1 + n0
ρ0
(
S0T0
V0n0
+
µ
E
)
. (31)
If the chemical potential is null, µ = 0, or if it is of the
form µ = µ0 E , then there is no dynamical dark energy,
w(a) = w = const. ≥ −1. A positive chemical potential,
µ > 0, results in a w(a) > −1 avoiding the cosmolog-
ical constant case. Finally, for µ < 0 and |µ| < S0TV0n0 ,
again we have w(a) > −1; and for |µ| > S0TV0n0 , we have
the phantom case w(a) < −1 [5]. This model allows the
phantom dark energy with positive definite temperature
and entropy in certain cases of negative chemical poten-
tial.
V. DISSIPATIVE DARK ENERGY
A common feature of many of dark energy models is
the assumption that it can be modeled as a perfect fluid.
As stated before, a perfect fluid generates no entropy and
no frictional heating because its dynamics is reversible
and without dissipation. This approach works quite well
in standard cosmology, but the observational reconstruc-
tions of the dark energy equation of state suggest the
5possibility of phantom dark energy which is incompati-
ble with the perfect fluid hypothesis at thermodynamic
level. Real fluids behave irreversibly, for this reason, if
we want to maintain the fluid hypothesis to dark energy
and ensure its thermodynamic compatibility, it is inter-
esting to consider dissipative processes like bulk viscosity.
Qualitatively, the bulk viscosity can be interpreted as a
macroscopic consequence coming from the frictional ef-
fects within the fluid.
For a dissipative fluid, the particle 4current will be
taken to be of the same form as nα;α = 0, this corresponds
to choosing an average 4velocity in which there is no
particle flux, known as the particle frame. At any event in
spacetime, it is considered that the thermodynamic state
of the fluid is close to a fictitious equilibrium state at that
event. The local equilibrium scalars are denoted with a
bar: n¯, ρ¯, p¯, S¯, T¯ and the local equilibrium 4velocity
is u¯µ. In the particle frame, it is possible to choose u¯µ
such that the number and energy densities coincide with
the local equilibrium values, while the pressure in general
deviates from the local equilibrium pressure:
n = n¯, ρ = ρ¯, p = p¯+Π, (32)
where Π is the bulk viscous pressure. For notation, from
now we will drop the bar of the thermodynamic variables
and write the pressure as peff = p + Π, where p is the
usual barotropic pressure p = wρ. The energy density
conservation equation in this case is
ρ˙+ 3H(ρ+ p) + 3HΠ = 0. (33)
From the first law of thermodynamics (4) and remember-
ing that for the energy U = ρV , volume V = V0a
3 and
number of particle density n = N/V , can be derived an
expression for the entropy in terms of the bulk viscous
pressure
nT
dS
dt
= −3HΠ. (34)
Clearly we can see that for an expanding universe the
entropy production will be positive if Π < 0.
VI. ECKART BULK VISCOSITY DARK
ENERGY MODEL
The simplest approach to treat bulk viscosity in cos-
mology the Eckart theory [10]. This approach has some
important limitations, the main one is that it is a non-
causal approach to dissipative processes.
In this framework the bulk viscosity pressure is given
by
Π = −3ξH, (35)
where the bulk viscosity depends on the function ξ and
the Hubble parameter. This formalism has been widely
used at background level.
From (33), the energy density conservation equation is
ρ˙+ 3H(1 + w)ρ − 9H2ξ = 0. (36)
First, we can sketch some general features without de-
termining the functional form of ξ. From the Friedmann
equations (1) and (2) we have
2H˙ + 3(1 + w)H2 = 3ξH. (37)
Assuming w = const., integrating the last equation cal-
culate H as a function of the bulk viscosity we have [28].
H(t) =
exp
[
3
2
∫
ξ(t)dt
]
C + 32 (1 + w)
∫
exp
[
3
2
∫
ξ(t)dt
]
dt
, (38)
where C is an integration constant. Integrating again,
for w 6= −1, we obtain an expression for the scale factor:
a(t) = D
(
C +
3
2
(1 + w)
∫
exp
[
3
2
∫
ξ(t)dt
]
dt
) 2
3(1+w)
(39)
where D is a another integration constant.
A. Temperature and energy density
As in the perfect fluid case, to calculate the tem-
perature in terms of the energy density we have to
solve the equation (5) whose solution is (26), T =
ρ
w
w+1 F (ρ
1
w+1 /n), in which F is an arbitrary function.
To find an approximation lets define z = ρ
1
w+1 /n and
differentiate
T˙ =
(
w
w + 1
)
T
ρ˙
ρ
+ ρ
w
w+1
dF
dz
z˙, (40)
using the equations (3) and (7) in z˙, we have
z˙ =
ρ
w
w+1
n
[(
1
w + 1
)
ρ˙
ρ
− n˙
n
]
= 0. (41)
Then the equation (40) reduces to (16) whose solution
has already been calculated, ρ = ρ˜ T
1+w
w , which is the
same relation of energy density and temperature of the
perfect fluid case.
In order to calculate specific expressions for the energy
density and temperature lets analyze two particular
popular proposals for ξ.
Case ξ(t) = ξ0 = const.: this is simplest Eckart bulk
viscosity model. Solving (37) for this case 2H˙ + 3(1 +
w)H2 = 3ξ0H , with the condition that at the present
time t0, the Hubble parameter H(t0) = H0.
H(t) =
H0ξ0 e
3
2 ξ0(t−t0)
H0(1 + w) [e
3
2 ξ0(t−t0) − 1] + ξ0
(42)
Integrating again with the condition a(t0) = 1 we obtain
the scale factor
a(t) =
[
1 +
H0(1 + w)
ξ0
(e
3
2 ξ0(t−t0) − 1)
] 2
3(1+w)
, (43)
6from which can be calculated the energy density in terms
of the scale factor
ρ(a) = ρ0
[
W + (1−W )a− 23(1+w)
]2
, (44)
with the constant W = ξ0/(H0(1 + w)). Notice that
ρ ∼ c1a−3(1+w) + c2a−3(1+w)/2, where the first term
scales as in ΛCDM.
Case ξ = (β/
√
3)ρ1/2: in [29] was first assumed that
the viscosity has a power-law dependence upon the en-
ergy density, ξ = αρs, where α > 0 and s are constant
parameters. In this case is a great difficulty to obtain
easily manageable solutions to the main equations, only
some particular results have been found. In the special
case where the bulk viscosity coefficient takes the form
ξ(ρ) ∝ ρ1/2, a big rip singularity solution was obtained in
this formalism for a late time FLRW flat universe filled
with only one barotropic fluid with bulk viscosity [28].
For s = 1/2 and α = β/
√
3 in ξ = αρs, the equation (37)
simplifies into
2H˙ + 3H2[1 + w − β] = 0, (45)
which can be easily integrated to calculate the Hubble
function and the scale factor
H(t) = H0
[
1 +
3H0
2
(1 + w − β)(t− t0)
]−1
, (46)
a(t) =
[
1 +
3H0
2
(1 + w − β)(t− t0)
] 2
3(1+w−β)
, (47)
With this, we can calculate the energy density
ρ(a) = ρ0 a
−3(1+w−β). (48)
The energy density is a power-law of the scale factor. It
is important to notice that for w = −1 dark energy the
exponent is positive and consequently is an increasing en-
ergy density and temperature. For values w 6= −1, some
combinations of the parameters can result into different
evolutions of the energy density. For a decreasing en-
ergy density (diluted by the cosmic expansion like occurs
with ordinary matter and radiation) it is needed negative
powers, i.e., β < w+1 must hold; observations show that
w + 1 is close to zero (and positive or negative), so for a
decreasing energy density the conditions w + 1 > 0 and
β ≪ 1 are necessary. Phantom dark energy, w + 1 < 0,
or relatively big values of β, always yields β > w+1, the
increasing energy density.
B. Entropy
We calculate the entropy using the equation (34), sub-
stituting the Eckart the bulk viscosity pressure, Π =
−3ξH , we have
dS
dt
=
9H2
nT
ξ(t). (49)
As in the previous subsection we will treat two cases,
first we calculate the thermodynamic variables n and T ,
substitute in (49) and then integrate.
Case ξ(t) = ξ0 = const.: first note that a growing
entropy in time, dS/dt > 0, immediately imply that the
bulk viscosity parameter is a positive constant case ξ0 >
0. Considering only this option the Hubble function is
given by equation (42).
The particle density n = n0a
−3 can be easily calculated
using (43)
n(t) = n0
[
1 +
H0(1 + w)
ξ0
(e
3
2 ξ0(t−t0) − 1)
]− 21+w
.(50)
And the temperature T = T˜ ρ
w
1+w
T (t) = T˜ ρ
w
1+w
0
[
ξ0 e
3
2 ξ0(t−t0)
H0(1 + w) [e
3
2 ξ0(t−t0) − 1] + ξ0
] 2w
1+w
.(51)
Substituting these two previous expressions in (49) we
have a differential equation for the entropy that depends
only on time
dS
dt
=
3ξ0ρ
1
1+w
0
n0T˜
e
3ξ0
1+w (t−t0). (52)
A quick examination of the last equation gives a constric-
tion to the equation of state parameter w, in order to
ensure the second law of thermodynamics, it must sat-
isfy w > −1, i.e. the phantom case is forbidden for a
barotropic fluid. Another possibility is the to allow un-
usual assumptions like a negative temperature T˜ < 0
in order to switch the sign and yield an increasing rate
of entropy. The option of negative temperature in the
phantom regime was examined in [22].
The equation (52) can be integrated easily if we assume
w = constant,
S(t) = S0 +
(1 + w)ρ
1
1+w
0
n0T˜
[e
3ξ0
1+w (t−t0) − 1], (53)
where S0 is the entropy at the present time. The entropy
in this particular case (53) grows exponentially.
Case ξ = (β/
√
3)ρ1/2: Repeating the same procedure
of the previous case, calculating the particle density, tem-
perature and substituting in (49); first we obtain the dif-
ferential equation for the entropy
dS
dt
=
βρ
2+w
1+w
0
H0n0T˜
[
1 +
3H0
2
(1 + w − β)(t− t0)
]−1+2δ
(54)
δ = −1 + w
1 + w
+
1
1 + w − β . (55)
Let’s quickly examine equation (54) before solve it. First,
clearly for β = 0 (no bulk viscosity) then dS/dt = 0,
i.e. the entropy is a constant in time as expected for
7a perfect fluid. For small values of the bulk viscosity
function parameter, 0 < β ≪ 1, we have δ ≈ 0, which
implies that dS/dt ∝ [1 + 3H02 (1 +w − β)(t− t0)]−1, the
condition of increasing entropy dS/dt > 0 requires that
w ≥ −1.
Integrating we obtain the expression of the entropy
S(t) = S0 +
(1 + w)ρ
1
1+w
0
n0T˜
(56)
×
[(
1 +
3H0
2
(1 + w − β)(t− t0)
)2δ
− 1
]
, (57)
again, S0 is the entropy at the present time. The entropy
in this particular case is a power-law. An increasing en-
tropy condition imposes δ > 0, from which we have two
cases: for w+1 > 0 (quintessence) it is required β < 1+w
and as we know the equation of state is close to the cos-
mological constant case, i.e. 0 < w + 1 ≪ 1 then β has
to be very small; the second case is w+1 < 0 (phantom)
which implies 1 + w < β which it is easily fulfilled.
VII. ISRAEL-STEWART BULK VISCOSITY
DARK ENERGY MODEL
The Israel-Stewart theory provides a better description
than the Eckart theory. It is a causal and stable theory
of thermal phenomena in the presence of gravitational
fields. This theory besides solving the non-causal prob-
lem of the Eckart theory, enrich the framework including
new features like the entropy has terms of second order in
the dissipative variables and incorporates transient phe-
nomena on the scale of the mean free path/time, outside
the quasistationary regime of the classical theory. In the
IsraelStewart theory we have the same Friedmann equa-
tions with an equation for the causal evolution of the
bulk viscous pressure given by
τΠ˙ + Π = −3ξH − 1
2
τΠ
(
3H +
τ˙
τ
− ξ˙
ξ
− T˙
T
)
− (58)
The last equation is known as the transport equation of
the viscous pressure Π. Where τ is the relaxation time
for bulk viscous effects (in the limit τ = 0 the theory
is noncausal), ξ the bulk viscosity coefficient and T the
temperature.
It is clear that the Israel-Stewart theory is much more
complex than the Eckart theory. In addition to having
to propose or infer a function for ξ and for the relaxation
time τ , we must know the temperature T and solve a
differential equation involving these physical quantities.
Let’s see how we can make a proposal and look under
which conditions an analytical solution of equation (58)
can be obtained.
First for the temperature, following [7] [19] [20], we as-
sume that the temperature depends only on the particle
number an energy density, T = T (n, ρ), with this
dT =
(
∂T
∂ρ
)
n
dρ+
(
∂T
∂n
)
ρ
dn, (59)
⇒ T˙
T
=
1
T
(
∂T
∂ρ
)
n
ρ˙+
1
T
(
∂T
∂n
)
ρ
n˙. (60)
The conservation equations of energy density and particle
density in the Israel-Stewart theory are
ρ˙ = −3H(ρ+ p+Π), (61)
n˙ = −3Hn (62)
substituting both expressions in (60) and using (5) we
have
T˙
T
= −3H
[(
∂p
∂ρ
)
n
+
Π
T
(
∂T
∂ρ
)
n
]
. (63)
If w is not a function of ρ, then (∂p∂ρ )n = w (which w is not
necessarily a constant). Taking this into account this, it
is easy to prove that the expression for the temperature
T = T˜ ρ
w
1+w , (64)
is solution of (63). Which is the same as for the perfect
fluid case and Eckart bulk viscosity.
For ξ, we assume a power-law for the bulk viscosity in
terms of the energy density of the fluid [29],
ξ = ξ0ρ
s, (65)
where s is a constant arbitrary parameter and ξ0 a posi-
tive constant.
And finally we follow [28] in which a simple relation
between τ and ξ is proposed
τ =
ξ
ρ
= ξ0ρ
s−1. (66)
Equations (65) and (66) are the two main hypotheses as-
sumed in order to find a solution for the transport equa-
tion of the viscous pressure (58).
Combining the Friedmann equations (1) (2), with the
pressure in this context peff = p+Π = wρ+Π, it is easy
to obtain
Π = −2H˙ − 3(1 + w)H2. (67)
With the equation (67), a differential equation for the
Hubble parameter can be constructed substituting (64),
(65) and (66) into the transport equation (58), then dif-
ferentiate (67) and equal both expressions considering the
energy density conservation equation (61). The resulting
equation for the Hubble parameter after these consider-
ations is [28]:
H¨ + 3HH˙ +
31−s
ξ0
H˙H2−2s −
(
1 + 2w
1 + w
)
H˙2
H
+
9
4
(w − 1)H3 + 3
2−s(1 + w)
2ξ0
H4−2s = 0. (68)
8There is not a general analytical solution to the last equa-
tion, it may be solved numerically for specific cases of
the parameters of the model. In [7] the authors solved
numerically last equation for several values of s, the au-
thors found that for s 6= 1/2 (or s ≤ −1/2) there is not
a phantom solution.
However, for the particular case of s = 1/2, i.e.
ξ = ξ0
√
ρ, the equation (68) has a particular analytical
solution. Under this assumption the equation reduces to
H¨ +
(
3 +
√
3
ξ0
)
HH˙ −
(
1 + 2w
1 + w
)
H˙2
H
+
9
4
(
w − 1 + 2(1 + w)√
3ξ0
)
H3 = 0. (69)
Rewriting the last equation we have
ξ0 (w + 1)H¨ + (w + 1)
(
3ξ0 +
√
3
)
HH˙ − ξ0(1 + 2w)H˙
2
H
+
3
4
(w + 1)
(
3ξ0(w − 1) + 2
√
3(1 + w)
)
H3 = 0. (70)
Notice that clearly if the bulk viscosity parameter is zero
ξ0 = 0, then (from the transport equation (58)) the bulk
viscosity pressure us null Π = 0, and we recover the stan-
dard Hubble equation
H˙ +
3
2
(1 + w)H2 = 0. (71)
For cosmological constant case, w = −1, the equation
(70) boils down into the well-known de Sitter case H˙ = 0.
Also notice that under all the hypothesis considered to
derive the evolution equation (70), for the standard case
w = −1, the evolution equation gives a solution in which
the bulk viscosity does not appear regardless of how ξ, τ
and T are chosen.
Henceforth we will assume ξ0 6= 0 and w + 1 6= 0 to
to exclude the standard case. For mathematical conve-
nience, we define
a =
9
4
(
w − 1 + 2(1 + w)√
3ξ0
)
, (72)
b = 3 +
√
3
ξ0
, (73)
then the equation (70) transforms into
H¨ + bHH˙ −
(
1 + 2w
1 + w
)
H˙2
H
+ aH3 = 0. (74)
To sketch a solution the following Ansatz is proposed [7]
[28] [30]:
H(t) = A(ts − t)−1, (75)
where ts is a finite time in the future at which the big rip
occurs and A is a positive constant in order to describe
an expanding universe. For s 6= 1/2 it can be seen by
direct inspection that a more general Ansatz with the
form, H(t) = A(ts − t)p with p < 0, does not reduce the
differential equation to an algebraic polynomial in A [7].
Substituting the Ansatz (75) into equation (74) it is
obtained a quadratic equation for the constant A
aA2 + bA+
1
w + 1
= 0, (76)
whose solution is
A± =
1
2

− b
a
±
√(
b
a
)2
− 4
a(w + 1)

 . (77)
Integrating (75) we obtain the scale factor as a function
of time, [7] [30]
a(t) =
(
ts − t
ts − t0
)−A
, (78)
where t0 is the present time. With this it can be easily
calculated the number of particles
n(t) = n0
(
ts − t
ts − t0
)3A
. (79)
It is clear that at the time t = ts the size of the universe
becomes infinite and the number density of particles goes
to zero.
Finally, with the Ansatz (75) we calculate the bulk
viscous pressure:
Π(t) = −A(2 + 3(1 + w)A)(ts − t)−2. (80)
Notice that the bulk viscous pressure is divergent at the
big rip time.
A. Temperature
To calculate the expression of the temperature as a
function of the scale factor we use the temperature as
a function of the energy density equation (64), and the
equation of the Hubble parameter (75) and the scale fac-
tor (78):
T (t) = T˜ (3A2)w/(w+1) (ts − t)−2w/(w+1) (81)
= T˜
(
3A2(ts − t0)−2
)w/(w+1)
a2w/A(w+1)
= T0 a
2w/A(w+1), (82)
with T0 the temperature today. It is a power-law in
terms of the scale factor. For the quintessence case,
−1 < w < −1/3, the power is always negative, giv-
ing a temperature that decrease as the universe expands;
whereas for phantom dark energy the power is positive
giving an increasing temperature. Again appears the
characteristic that the temperature increases as the scale
factor increases too.
9B. Entropy
The entropy change can be evaluated from (34), S˙ =
−3HΠ/(nT ); substituting the Hubble Ansatz (75), the
viscous pressure (80), the number of particles (79) and
temperature as a function of time (81), we have:
dS
dt
= K(ts − t)η, (83)
K =
(3A2)
1
w+1 [2 + 3A(1 + w)]
n0T0
(ts − t0)3A, (84)
η =
2w
w + 1
− 3(1 +A). (85)
To calculate the entropy we integrate (83)
S(t) = −
(
K
η + 1
)
(ts − t)η+1 + S˜, (86)
where S˜ is an integration constant. We have a positive
entropy S > 0, if K > 0 and η < −1, that is, when
2w
w+1 − 3(1+A) < −1, which leads to the a constraint for
the constant A.
A >
1
3
(
1 +
2w
w + 1
)
− 1, (87)
and since A > 0 then, the last inequality is satisfied for
values 0 < w < 1/2. This is an interesting result, in
the Israel-Stewart framework, for the particular case ξ =
ξ0ρ
1/2; the natural conditions of positive entropy (η +
1 < 0) and expanding universe (A > 0) imply that the
equation of state parameter must be positive, w > 0.
It is important to take in mind that we have dis-
cussed the thermodynamic properties of a big rip solution
H = A(ts − t)−1 in the framework of the Israel-Stewart
theory and despite it gives w > 0, the cosmic expansion
is accelerating due to the global effect of the bulk viscos-
ity in which weff = peff/ρ < −1/3. The solution is for
a cosmological scenario with barotropic fluid p = wρ and
the constriction 0 < w < 1/2, but, globally behaves like a
phantom fluid with constant equation of state parameter
w < −1, due to the bulk viscosity provides the sufficient
negative pressure, allowing to cross the phantom divide
line.
VIII. CONCLUSIONS
We have discussed in the present work a general treat-
ment for dark energy thermodynamics in several scenar-
ios: by considering it as a perfect fluid with constant and
variable equation of state parameter w, and as a dissi-
pative fluid with bulk viscosity both in the Eckark and
Israel-Stewart frameworks. General equations have been
derived for the dark energy temperature, energy density
and entropy in a flat, homogeneous and isotropic uni-
verse. From the results of the entropy evolution, some
theoretical thermodynamic constraints are imposed for
the w parameter in order to satisfy a positive the en-
tropy and grow rate.
We first recall some main results of dark energy as
a perfect fluid with constant w; previously presented in
a clear way in the work [4]. In this context the tem-
perature is directly proportional to the internal energy
T ∝ U , the energy density is a power-law of the tem-
perature ρ ∝ T (1+w)/w, the entropy is constant in time
(adiabatic) S˙ = 0, and if the chemical potential is null
µ = 0 then the phantom regime is forbidden (w ≥ −1).
Then, we apply the same treatment for the dynamical
dark energy case w(a). Two interesting points we have
to remark: one is that despite the dynamical character
of w there is no entropy production S = constant; and
second, the chemical potential plays an important role,
if it is null then necessarily w(a) = w = const. ≥ −1,
i.e, is not dynamical, if it is positive the phantom regime
is avoided, and if it is negative the dark energy could
be either quintessence-like (w > −1) or phantom-like
(w < −1).
In the second part of this work, the dark energy is
modeled as a dissipative fluid with bulk viscosity where
the (effective) pressure is assumed as the sum of the
barotropic and the bulk viscous pressures peff = p+ Π.
This is the core of this work. Within the Eckart frame-
work the viscous pressure is given by Π = −3Hξ(t) and
two cases were studied: ξ(t) = ξ0 = const. and ξ =
(β/
√
3)ρ1/2. Both cases have the relation T ∝ ρw/(1+w).
In the first case, the entropy grows exponentially and
puts the condition w > −1 to preserve the entropy and
temperature positive, or, if w > −1 then T < 0. Al-
though the possibility of negative temperature for phan-
tom energy has been studied [22], it seems a cumbersome
hypothesis and therefore quintessence is favored. In the
second case, the entropy grows as a power-law, the most
interesting in this case is that the phantom regime is al-
lowed under not so strict conditions. The next step is to
use the causal Israel-Stewart theory, we solved the bulk
viscous pressure transport equation assuming ξ = ξ0ρ
1/2
and τ = ξ/ρ which gives a big rip cosmological solutions,
H = A(ts − t−1) [7] [28] [30]. Under these particular as-
sumptions the temperature evolves as T = T0 a
2w/A(w+1),
that is, in the quintessence regime the temperature de-
crease as the universe expands and whereas the temper-
ature increase in the phantom regime. This is a charac-
teristic of phantom and big rip solutions, here the energy
density increases with the cosmic expansion as well the
internal energy and consequently the temperature too.
Calculating the entropy we obtain a power-law in time
and imposing the conditions A > 0 and S > 0, an im-
portant constraint 0 < w < 1/2 is derived. The solu-
tion implies a cosmological scenario of a barotropic fluid
with 0 < w < 1/2 which behaves like a dark fluid (even
phantom) driven by the bulk viscosity. So, in the Is-
raelStewart formalism, some solutions behaves as dark
energy and even allow to cross the phantom divide line
with an effective equation of state lesser than -1 and con-
stant in time without evoking an exotic barotropic fluid
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with w < −1. An important extension to the study done
is to obtain other cosmological solutions additional to
H = A(ts−t−1) and constrain the model parameters with
observational data to track the most plausible model.
Despite its intrinsic nature is not well understood yet,
reconstructions of the dark energy equation of state from
observational data points out a time-dependent w and
even the crossing of the phantom divide line w = −1 from
above to below is not only possible but it could indeed be
a condition for a successful description of observations.
For this reason it is important to examine carefully the
phantom regime. It has important problems and if mod-
eled as a perfect fluid seems unfeasible from the point
of view of classical thermodynamics. Hence, new per-
spectives beyond the perfect fluid approach in standard
cosmology have to be considered in order to have a bet-
ter understanding of the phantom regime, such as fluids
with bulk viscosity that reduces the kinetic pressure of
the cosmological fluid and provides a richer thermody-
namic framework. And actually go deeper, seek for the
foundations of dark energy thermodynamics from statis-
tical physics (and possibly quantum mechanics) to estab-
lish basic general principles for a dark energy theory, or
if it is the case, give solid arguments to prefer to favor
alternatives like modified gravity avoiding the hypothesis
of dark energy as a substance; all this important but long
beyond the scope of this work.
Finally, dark energy thermodynamics and bulk viscous
dark energy are topics that have been studied from sev-
eral different approaches for years, in this work we sum-
marize particular results previously obtained by other
authors on both subjects to make a broader and unified
study, extending its scope in order to search for insights
about the nature of the dark energy from a general the-
ory that is classical thermodynamics and more general
fluids than the perfect fluid.
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